We study the effect of extra dimensions on the process of massive Dirac fermion emission in the spacetime of (4 + n)-dimensional black hole, by examining the Dirac operator in arbitrary spacetime dimension. We comment on both bulk and brane emission and find absorption cross section and luminosity of Hawking radiation in the low-energy approximation.
from four-dimensional black hole in string theory was studied in [22] , while the low-energy cross section for minimally coupled massless fermions was provided in Ref. [23] . The low-energy absorption cross section for massive fermions in the Schwarzschild background defined on the bulk was investigated in [24] using Dirac equation in the traditional form.
Our present work will be devoted to (4 + n)-dimensional black holes evaporating massive Dirac degrees of freedom. In our research we use the much easier method of solving massive Dirac equation than the traditional one. We shall restrict our attention to the static spherically symmetric case. It turned out that the treatment of fermions in spherically symmetric background may be simplified by using a few basic properties of the Dirac operator. These features enable us to find the second order differential equation which will be crucial in further investigations. In Sec.II we recall the basic features of Dirac operator which enable us to treat the aforementioned problem of massive Dirac fermions in arbitrary spacetime dimension. In Sec.III we shall focus on the low-energy regime and solve analytically Dirac massive fermion field equations by means of the matching technique combining the far field and near event horizon solutions. We find the analytical expression for the absorption probability and luminosity of Hawking radiation. We shall comment both on bulk and brane fermion emissions. Our analytical considerations are supplemented by plots expressing the dependences of the found quantities on various parameters of the considered spacetimes. Finally, in Sec.IV we shall state our conclusions.
II. PROPERTIES OF THE MASSIVE DIRAC EQUATION
In this section we recall the properties of Dirac operator (for the readers convenience) which enable us to simplify studies of the Hawking massive fermion radiation in higher dimensional black hole backgrounds. It happened that the treatment of fermions in spherical spacetime may be greatly simplified due to the few properties of the Dirac equation of motion. This attitude was widely used in studies of the late-time behaviour of massive Dirac hair in the spacetimes of various black holes (see, e.g., [25] - [27] ). One should remark that our considerations are conducted in arbitrary spacetime dimension.
The massive Dirac equation in a curved background may be written in the form as (for the convention we used see Refs. [25, 28] )
where ∇ µ is the covariant derivative ∇ µ = ∂ µ + ab . Now, we shall recall some basic properties of the Dirac operator / D = γ µ ∇ µ on an n-dimensional manifold. In what follows we assume that the metric of the underlying spacetime may be rewritten as a product of the form
The above metric decomposition will be subject to the direct sum of the Dirac operator, namely one obtains
By virtue of a Weyl conformal rescaling defined by the following:
whereΩ is a conformal factor, the above considerations consequently provide that one gets
Having in mind that spherically symmetric form of the line element provides also conformal flatness for a static metric, one obtains
where A = A(r), B = B(r), C = C(r) are functions only of the radial variable r, and the transverse metric dΩ 2 n+2 is independent on t and on r-coordinates.
Suppose then, that Ψ is a spinor eigenfunction on the (n + 2)-dimensional transverse manifold Ω. It leads to the relation
Using the properties given above one may also assume that the following is satisfied:
It enables us to set the form of the spinor ψ, i.e.,
Next, the explicit calculations reveal
where we have introduced the radial optical distance (i.e., the Regge-Wheeler radial coordinate) dy = B/Adr and γ 0 , γ 1 satisfy the Clifford algebra in two spacetime dimensions. We remark that an identical result may be obtained if a Yang-Mills gauge field A µ is present on the transverse manifold Σ. The only difference is that
where / D Σ,Aµ is the Dirac operator twisted by the the connection A µ . Thus, in the picture under consideration, assuming that ψ ∝ e −iωt one achieves the second order equation of the form as follows:
III. GREYBODY FACTOR IN THE LOW-ENERGY REGIME
In this section we shall concentrate our attention on finding the absorption probability in the low-energy regime. Greybody factors enable us to study the near horizon structure of black holes. This is of a great importance from the experimental point of view due to the fact that they modify the spectrum in the region of particle production. In general the spectrum of emitted particles depends on various factors such as spin of the particles, whether the particle is localized on brane or can propagate in the bulk. The greybody factor can be computed by finding the absorption cross section for the type of particle, in question, incident on the adequate black hole. This can be done in such a way because of the fact that Hawking's formula for the emission rate for an outgoing particle at energy ω equals the absorption cross section for the same type of particle incoming at energy ω. Moreover, outgoing transmission and ingoing absorption coefficients are equal. Therefore equilibrium still takes place if the black hole is located in a heat bath.
In what follows we shall investigate massive Dirac fermion emission in the background of (4 + n)-dimensional black hole which line element of such a black hole is subject to the relation
where f = 1 − r 0 /r n+1 , r 0 is the radius of the black hole event horizon, while dΩ sphere provided by the relation
Relation (12) will constitute the defining equation for massive Dirac fermion fields. By virtue of approximation technique we want to achieve the analytical solution of the underlying equation. Namely, we solve the equation for χ in the near horizon region and then in the far-field limit. Our next task is to match them smoothly.
Let us begin with the near horizon limit. After changing of variables in Eq. (12) we arrive at the following:
and remove singularities at f = 0 and f = 1. The above redefinition make it possible to transform this equation to the hypergeometric one of the form as follows:
It can be checked that the hypergeometric equation parameters satisfy a = α + β + ξ, b = α + β and c = 1 + 2α, while α and β are given by
where by ∆ we denoted the following:
From this stage on, we shall suppose for simplicity that C(r) = r. Further on, having in mind the criterion for the hyperbolic function to be convergent, i.e., Re(c − a − b) > 0, one has to select β = β − . Just the general solution of Eq.(16) may be written in the form
where A ± are arbitrary constants. Because of the fact that no outgoing mode exists near the event horizon of the considered black hole, we take α = α − and put A + equal to zero. This leads to the following solution of equations of motion:
Our next task is to match smoothly the near horizon solution χ N H with the far field one in the intermediate zone.
To do this, first we change the expression of the hypergeometric function near horizon zone from f to (1 − f ) by the standard relation (see [29] relation 15.3.6).
Having in mind the limit r → ∞ or adequately f → 1 and assuming the low-energy limitω ≪ 1, we are finally left with
where Y ν and J ν are Bessel functions of second and first order, respectively. On expanding in the limitωr → 0 we conclude that
. (22) Consequently, taking the near-horizon limit for χ N H , one gets
given by Eq. (25) Because of the fact that smooth matching was provided, the ratio of the integration constants may be written in the form
while the absorption probability is given by the relation
The above relation can be simplified due to the fact that we are using the low-energy limit. In this case BB * ≫ i(B * − B) ≫ 1. Therefore, taking into account the dominant term in the denominator one arrives at the relation
Using relation (24) it can be verified that the absorption probability implies the following:
Eq. (27) is valid for the low-energy range of energy. The low-energy approximation was used during matching the two asymptotic solutions in the intermediate zone. However, the simplified analytical relation (27) is the result of series of Gamma function expansions appearing in Eq. (24) and therefore its validity is more restricted. In Table 1 . we presented the values of | A | 2 derived by using relation (25) and equation (27) , asω r 0 ranges from 0.01 to 0.5, for m = 0.01, B = 1, l = 0 and n = 1. The results presented in Table 2 . are valid for n = 2, the other calculation parameters are the same as in Table 1 . One can conclude that, the agreement between these two values in question is remarkable asω r 0 reaches the value 0.5, then the deviation between these values appears.
We remark that expression (27) is quite general, valid for both bulk and brane massive Dirac fields. The case of bulk fermions is connected with the eigenvalues of Dirac operator on a transverse manifold which is S n+2 sphere. In case under investigation one should consider (n + 2)-dimensional sphere. The eigenvalues for spinor Ψ, where found in Ref. [30] . They imply the following relation:
where l = 0, 1, . . . On the other hand, massive brane fermions, live on four-dimensional brane and propagate in the gravitational background provided by Deviation between the values of the absorption probability given by the simplified and complete analytical expression, for n = 2. Other calculation parameters are the same as in Table 1 .
where
, r 0 is the radius of the black hole event horizon. This metric on the brane [3, 4] arises when we project out all angular variables that parameterize the extra dimensions, i.e., if we set φ i = π/2 for i ≥ 2. In the above line element n stands for the number of extra dimensions that can exist transverse to the considered brane. Then, the eigenvalues on a transverse manifold are of the form λ 2 = (l + 1) 2 . The other kind of n-dimensional black hole which can be considered by relation (27) is a tense brane black hole. It turned out that the most examinations of extra-dimensions black hole and their physics were devoted to the zero brane tension case. In principle finite brane tension ought to modify the physics of a kind of black hole. The nonzero tension on the brane can curve the brane as well as the bulk. It was shown that a tense brane black hole is locally a higher-dimensional Schwarzschild solution [31] pierced by a tensional brane. This caused that a deficit angle appeared in the (n + 2)-dimensional unit sphere line element.
Some attempts to examine the problem in question were conducted. Namely, studies of massless fermion excitation on a tensional three-brane were carried in Ref. [32] , while the late-time behaviour of massive scalar hair in the background of n-dimensional tense brane black hole was studied in [33] . Examinations of Hawking radiation of massive scalar fields in the background of a tense five and six-dimensional black hole were carried in Ref. [34] . On the other hand, emissions of massless scalar fields into the bulk from six-dimensional rotating black hole pierced by a threebrane were studied in [35] . Ref. [36] was devoted to the numerical studies of evaporation of massless scalar, vector and graviton fields in the background of a six-dimensional tense brane black hole. Growing interests in codimensional-2 braneworlds lead us to modify the gravitational action by implementing Gauss-Bonnet term or to consider black hole solutions on a thin three-brane of codimension-2 [37, 38] .
In the case of a tense brane black hole S n+2 sphere is threaded by a codimension-2 brane, so the range of the one of the angles, let us say, φ i will be 0 ≤ φ i ≤ 2πB. Parameter B measures the deficit angle about axis parallel with the brane intersecting the sphere in question. For such a kind of transverse manifold the eigenvalue for spinors will be of the form [16] 
where c = ±1/2, ± 3/2, . . .. To complete this section let us turn to study the luminosity of the Hawking radiation for massive Dirac field. It is provided by the expression
In the above relation (31) by λ we mean λ | l=0 . In our low-energy approximation the luminosity of the black hole Hawking radiation is calculated with respect to l = 0 mode. However, for the sake of completeness we write in Eq.(31) the integral range from zero to infinity. One should have in mind that our analysis has focused on the low-energy spectrum and the value of luminosity is based on the lower part of the spectrum. It can happen that modifications may appear for high-energy part.
IV. THE ABSORPTION PROBABILITY AND HAWKING RADIATION IN THE SPACETIME OF HIGHER DIMENSIONAL BLACK HOLE
In this section we present plots of the absorption probability and luminosity of Hawking radiation for different parameters in different kinds of n-dimensional black holes. The absorption probability is a dimensionless constant and it should range from 0 to 1 for the whole energy range. Our considerations are confined to the low-energy limit therefore our plots will cover only a part of the whole plot for | A | 2 . The whole plot for | A | 2 can be found by numerical calculations (see, e.g., Fig.1 in Ref. [16] for the comparison of absorption probability obtained in the lowenergy limit and those get by various numerical approximation schemes). In all our logarithmic plots we use base-10 units. One also elaborates the dependence of the absorption probability and luminosity of Hawking radiation for massive bulk and brane fermions.
A. Bulk Emission
We begin our considerations with studies of massive bulk Dirac fermions emission. In Fig.1 we plotted | A | 2 for massive fermion fields with respect to ω for different number of extra dimensions n = 1, . . . 4 in the background of (n + 4)-dimensional Schwarzschild black holes and in the spacetime of tensional brane black hole. We fixed the multipole number l = 0 for the Schwarzschild case, while for the tensional brane we put k = 0, c = 1/2 and B = 0.8. Other calculation parameters are: m = 0.01 and r 0 = 1. One should recall that the event horizon radius of a tense brane black hole is connected with the Schwarzschild radius r 0 by the following relation:
It turned out that the absorption probability for massive bulk Dirac fermions for the considered tense brane black hole is smaller comparing to the (n + 4)-dimensional Schwarzshild case. It was revealed in Ref. [16] using the WKBJ approximation and the Unruh method that the emission rate of the bulk massless fermions was dependent on the the dimensionality of the spacetime. The bigger is the spacetime dimension the smaller emission rate we get. It turned out that at a certain intermediate energy there was a region where the emission rate became approximately independent of the dimension of underlying background. Our Fig.1 confirms this  tendency, i.e., for massive Dirac fermions the absorption probability decreases with the increase of dimension of the spacetime.
In Fig.2 we present the absorption probability versus ω for n = 5, and 6, for different multipole numbers: l = 0, 1, and 2, in the Schwarzschild background. We also examine the case of a tense brane black hole and put k = 0, 1, and 2. Other calculation parameters we take into account are: m = 0.01, B = 0.8, r 0 = 1, and c = 1/2. One can notice that the absorption probability decreases as the multipole number increases.
In Fig.3 we depict | A | 2 versus ω for different mass of the Dirac massive fermion fields in five and six-dimensional Schwarzschild black holes background. We consider the case when m = 0, 01, 0.1, and 0.15. At the beginning | A | 2 for massive Dirac fermions decreased as the mass of the field increased (the same situation was also revealed in studies of the bulk absorption probability for scalars in the spacetime of Schwarzschild black hole located on a three-brane of finite tension (see Fig.4 in Ref. [17] )) but then there was a region where the inverse situation took place. Contrary to the previuos behaviour the absorption probability increased with the growth of the particles masses. This behaviour may be seen on the left panel for five-dimensional spacetime and the same tendency occurs in six-dimensional case.
The dependence of the absorption probability on the Schwarzschild black hole event horizon radius is presented in Fig.4 . We studied the case of r 0 = 1.2, 1, and 0.8. One can find that the absorption probability increases with the growth of radius of the black hole in question.
On the other hand, inspection of Eq. (27) reveals that the absorption probability for massive bulk fermions is strictly bounded with the parameter B characterizing the brane tension. In Fig.5 we plotted | A | 2 versus ω for different spacetime dimensionality n = 5, and 6 and for different values of parameter B. In the considerations we put B = 1, 0.9, 0.8, respectively. Fig.5 provides the fact that the smaller B (brane tension increases) the smaller absorption probability one gets.
In Ref. [35] the emission bulk massless scalar fields from a six-dimensional rotating black hole pierced by a threebrane was numerically studied. For the low-energy region the authors find the dependence of absorption probability on parameter B. The curves presented in Fig.2 in [35] for the case of angular parameter equal to zero has the same tendency as our Fig.5 (right panel) . The same situation takes place when one considers massive scalar fields emitted by a tense brane black hole [34] . So one can conclude that the brane tension suppresses the emission of massless scalars, massive scalars as well as massive bulk fermions.
In Fig.6 we present the | A | 2 for five and six-dimensional tensional brane black holes for different c = 1/2, 3/2, 5/2, respectively. Other calculation parameters are: m = 0.01, r 0 = 1, k = 0 and B = 0.9. It occurs that the bigger c is the smaller absorption probability one obtains.
B. Emission on the Brane
Now, we proceed to study the absorption probability of Dirac massive fermions propagating on the brane. In the left panel of Fig.7 we present the brane absorption probability for fixed l = 0 for different spacetime dimensionalities n = 1, . . . 4. It turns out that the absorption probability increases with the increase of spacetime dimensionality n for the brane black hole which all angular variables parameterizing the extra dimensions are projected out. The same behaviour of | A | 2 was shown for massless brane fermions [4] in the spacetime of rotating brane black hole. These results were also confirmed numerically in Ref. [14] where it was also revealed that any increase of spacetime dimensionality or angular parameter of black hole enhances the massless fermion emission rate of the considered black hole. Studies of radial Teukolsky Eq. conducted in Ref. [15] also confirmed the tendency of behaviour we obtained (see Fig.1 from Ref. [15] for the rotation parameter equal zero depicting greybody factor for brane localized fermions).
In the right panel of Fig.7 we plotted the | A | 2 as a function of ω for different multipole number l = 0, 1, and 2 in five and six-dimensional spacetimes. It happens that the brane absorption probability decreases as the multipole number increases, as was the case for the bulk radiation.
Next, in Fig.8 we examined the behaviour of the absorption probability on the brane for different masses of the fermion particles. We put m = 0.01, 0.1, 0.15, respectively. At the beginning | A | 2 decreases as the mass of fermions increases but there is a region where the situation changes, i.e., for the increase of mass one gets also increase of the absorption probability. The same situation was observed in the bulk case.
On the other hand, in Fig.9 we plotted the dependence of | A | 2 on the radii of black hole event horizons. One studies the cases of r 0 = 1.2, 1, and 0.8. It can be concluded that the absorption probability for massive brane Dirac fermions increases as the event horizon radius increases. The same behaviour we have in the case of massive bulk fermions.
C. Luminosity
Finally, we plotted the luminosity of the Hawking radiation L as a function of m for different number of extra spacetime dimensions n = 1, . . . 4. We plot the luminosity of the Hawking radiation for the mode l = 0 which plays the dominant role in a greybody factor in the low-energy approximation. In the left panel of Fig.10 we present the bulk absorption probability for Schwarzschild and tensional brane black holes. In the right one, we plotted the brane absorption probability in the background of higher dimensional Schwarzschild black holes. One can remark that the luminosity of Hawking radiation increases with the increase of n, spacetime dimensionality for massive bulk and brane fermion emission. The other salient feature is that luminosity for brane massive fermion is substantially higher comparing to the luminosity for bulk fermions for the corresponding dimensionality of spacetime. Of course this behaviour is valid only for the low-energy limit. The behaviour of the luminosity valid for the whole energy range should be obtained by numerical studies. However our analytical results tell us about the tendency of behaviour of the luminosity in this energy limit. In Ref. [16] the massless fermion emission rate was studied numerically and it was shown that for the brane localized emission one obtained the same tendency of behaviour as ours, i.e., Hawking radiation increased with the growth of the dimensionality of the spacetime. It was also found that in the intermediate energy range the emission rate became independent on the dimensionality. However this case is beyond our approximation scheme.
The same tendency of behaviour was revealed in Ref. [13] for the massless scalar emission rate in the spacetime of n-dimensional rotating black hole. Namely, the authors find that for the rotational parameter put to zero the total emission depends strongly on the number of dimensions both for bulk and brane emission. It turned out that on average, more energetic emission is in the bulk than on the brane. Unfortunately, our plots of the luminosity for massive Dirac fermions can not confirm this behaviour valid for massless scalars because of the considered energy limit. The dependence of a flux emission spectra of massless fermion on the brane emitted from rotating black hole on the spacetime dimension was also confirmed in Ref. [14] .
Thus, summing it all up we can conclude that in the considered energy limit our key result is that the luminosity for massive Dirac fermions strongly depends on the bulk and brane dimensions. But as one can try to consider the whole energy range these results should be taken with a large grain of salt.
V. CONCLUSIONS
In this paper we studied Hawking emission of massive Dirac fermion fields in the spacetime of static (4 + n)-dimensional black holes. We elaborated the case of (4 + n) Schwarzschild black hole, (4 + n) tense brane black hole as well as propagation of brane fermions in the spacetime of brane black hole when all angular variables parameterizing the extra dimensions in the considered line element were projected out. It happened that the treatment of Dirac fermions in spherically symmetric spacetime was simplified to great extent due to the few properties of the Dirac operator. The crucial quantities characterizing emission of massive Dirac fields are dependent on the eigenvalues λ of the Dirac operator on the so-called transverse manifolds. We have elaborated analytically equations of motion for the aforementioned degrees of freedom and by means of matching technique one finds in the low-energy limit an analytical expression for the absorption cross section, luminosity of Hawking radiation. We derive quite general formulae for these quantities which enable one to treat all these spacetimes in question. Our analytical considerations are supplemented by plots of | A | 2 and the luminosity of Hawking radiation L. We found that | A | 2 for bulk massive Dirac fermions in the spacetime of (n + 4)-dimensional Schwarzschild black hole and in the background of a tense brane black hole decreases with increasing of the dimensionality of the considered spacetime. In higher dimensional Schwarzschild spacetime the absorption probability decreases as the multiple number l increases. For this spacetime it was also revealed that | A | 2 depended on mass of the emitted field. First, at the beginning of the energy range, we have the situation that the bigger mass of Dirac fermion is the smaller | A | 2 one gets. Then, this tendency changes and we observe the increase of the absorption probability with the growth of mass of particle in question. It was also observed that the absorption probability increased with the increase of the radius of the event horizon. We note that | A | 2 reveals its dependence on parameter characterizing tense brane black hole. Namely, the smaller B one considers the the smaller | A | 2 one gets. One ought to have in mind that B is bound with the brane tension, i.e., the smaller B the greater tension is exerted on the brane black hole. In the case of a tense brane black hole the growth of a multipole number c implies the decreasing of the absorption probability.
We also studied the case of brane massive Dirac fermion field. It was shown that | A | 2 increased with the increase of n for brane black hole which all angular variables parameterizing the extra dimensions were projected out. The same character of behaviour was shown in Ref. [4] for the case of massless brane fermions. It was also noticed that | A | 2 for different masses of brane fermions behaved in the similar way as in the case of bulk massive Dirac fermions. On the other hand, | A | 2 analyzed for different event horizon radius also reacts in the similar way as in the case of bulk fermions. Finally, analyzing luminosity of Hawking radiation for massive brane Dirac fermions it was found that the brane luminosity was substantially higher comparing to the luminosity of Hawking radiation for bulk massive fermions for the corresponding values of spacetime dimensionality n. One should remark that the behaviour of the luminosity is valid for the low-energy limit, whenω r 0 ≪ 1. ) for different space dimensionalities n = 1, 2, 3, 4 (curves from the bottom to the top, respectively). Right panel: the luminosity of Hawking radiation L versus m propagating on the brane for different space dimensionalities n = 1, 2, 3, 4 (curves from the bottom to the top, respectively). For all cases we put r0 = 1.
